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1. INTRODUCTION 
We shall operate in Euclidean 3-space, E3 , and deal with the discrete analog 
of the following system of equations: 
Av-Q---f, 
v * v = -cp, 
(1.1) 
where c is a constant different from -1. 
If c = 0, (1.1) describes the slow steady flow of a viscous fluid with velocity 
vector v, pressurep, and external force f (where we have normalized the viscosity 
by setting it equal to one). A good reference for matters of this nature is [4, 
Chaps. 2 and 31. 
For c > 0, (1.1) can be interpreted as the displacement equations governing 
a homogeneous isotropic elastic body in equilibrium, with v representing the 
infinitesimal displacement vector, -cp the dilation, and f the body force suitably 
normalized (see [2, 5, (53.311). 
The constant c in (1.1) is equal to (1 - 2 (T w ) h ere 0 is Poisson’s ratio, which 
expresses the fact that the shrinkage in a lateral direction due to stretching 
bears a constant ratio to the amount of stretch. To be specific, it is the ratio 
of the fractional lateral contraction to the fractional linear extension under 
tension. For most common substances, it is found that Poisson’s ratio lies 
between 0 and 4, e.g., (T = 0.28 for cast iron and o = 0.35 for copper. 
It is the purpose of this paper to study the discrete analog of the system of 
Eqs. (1 .l) defined on the integral lattice points in 3-space (designated by M). 
The study of such type problems on lattice points in various Euclidean spaces 
appears to have attracted considerable attention through the years and has cut 
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across many subject areas, i.e., probability theory, numerical and functional 
analysis, and partial differential equations (e.g., [l, 3, 6, 7, 9, lo]). 
The main idea in this paper is to develop (evidently for the first time) the 
discrete analog of the fundamental solutions of Lorentz [S, pp. 110-I 1 I]. The 
asymptotic properties of said solutions are then used to establish the existence 
and the growth properties in a neighborhood of infinity of the solution to the 
discrete analog of (1 .l). Th e case where the external force is in D’(M), 
3 < y < co, turns out to be the most interesting. 
In the sequel, m = (m, , m2, ma) will designate an integral lattice point in E, , 
M will be the set {m; m in E,}, and we shall study functions h defined on M. In 
particular, letting ej = (Z$r, St, Sj3) w h ere Sj” is the Kronecker--6, we set 
Djh(m) = h(m + ej) - h(m), 
D-,h(m) = h(m) - h(m - eJ 
(1.2) 
for j = 1,2,3, and observe that 
Dj[Dejh(m)] = D-,[Djh(m)] = h(m + ej) + h(m - e,) - 2h(m). (1.3) 
Djh and D,h are, respectively, the discrete analogs of the first derivative 
from the right and the left in the jth direction, and D*D-jh is the discrete 
analog of the well-known second symmetric derivative in the jth direction. 
Also, we shall set 
Lb(m) = i D,[D-,h(m)] 
j=l 
(1.4) 
and observe from (1.3) that L is the discrete analog of the Laplace operator. 
With v, , p, and fj now representing functions defined on M, in this paper we 
intend to study the following system of equations. 
LVj - QP = -fj 7 j = 1,2,3, 
(1.5) 
f D-,v, = -cp, 
k=l 
where c is a constant and c # -1. 
It is clear that the finite difference system (1.5) is the discrete analog of the 
differential system (1 .l). 
When f is equal to zero, we shall refer to the system (1.5) as (1.5)s , i.e., 
LVj - QP = 0, j = 1,2,3, 
(1*5)0 
jl D-k% = --cP* 
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We shall call the pair (v, p) a linear solution of (1.5), provided the following 
obtains: (i) z+(m) is a linear polynomial in the components of m, j = 1,2, 3; 
(ii) p(m) is a constant; (iii) (v,p) satisfies (1.5)” . 
We shall say f is in L?(M), 1 < y < co if Z, / fj(m)lY < cc for J’ = 1,2, 3. 
With 1 m 1 == (ml2 + mz2 + m, ) e lj2, and motivated somewhat by [l, p. 2401, 
we intend to establish the following result. 
THEOREM. Suppose there exists a constant y with 1 < y < co such that f is in 
Ly(M). Then there is a pair (v, p) with the following properties: 
(i) (v, p) satisJes the system (1.5) on M; 
(ii) vj = o(] m ( 2(1--V-‘)) and p = o(I m 12f1-y-‘)) us m ( --f 00, j = 1, 2, 3; 
(iii) (v, p) is unique up to a linear solution of (1 .5)0 . 
In case 1 < y < 2, we infer from (ii) that in (iii), (v, p) is unique up to a 
constant solution of (1.5)s , i.e., vj is unique up to a constant forj = 1, 2, 3, and 
p is unique or unique up to a constant corresponding to the cases c # 0 or 
c = 0, respectively. If y = 1, (v, p) is unique. 
The proof of (iii) is easy, and we give it here. Suppose in particular that the 
pair (v*,p*) is another solution of (1.5) with Vet = o(] m 12(1-~-‘)) and p = 
4 m I 2(1-v-‘)) as ] m ] -+ co. Then the pair (v* -- v,p* - p) is a solution of 
(l-5)* 3 and we infer from this fact that 
9$ D-MV”i - Vj) - Dj(p*j - p,)] = 0. 
Now, L and D-j commute, and we conclude from (1.4) and this last fact that 
-cL(p* - p) - L(p* - p) = 0. 
But (c + 1) # 0, and we therefore have that p* - p is a discrete harmonic 
function, i.e., L(p* - p) = 0. 
Next, we use [3, Theorem 63 in conjunction with the fact that p* - p = 
o(] m 1”) as ] m ] + 03 and obtain that 
P*(m) - P(m) = allml + a12m2 + a13m3 + aa . U-6) 
From the first equation in (1.5), we consequently have that 
L(V*j - Vj) = Ulj ) Cl*71 
But thenL[v*j(m) - vj(m) - u,jm,2/2] = 0. Therefore v*j(m) - q(m) - a,jmj2/2 
is a discrete harmonic function which is O(] m 1”) as j m ] -+ co. Using [3, 
Theorem 6] once again, we obtain that v*j(m) - vi(m) is a polynomial of degree 
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2 in m, , m, , m, . But o*,(m) - r+(m) is in particular o(I m 1”). Consequently, in 
this polynomial, all the coefficients of the terms of degree 2 must vanish. We 
conclude first that v*j(m) - q(m) is a linear polynomial and next, from (1.7), 
that U,~ = 0 for j = 1,2, 3. But then from (1.6), we have that p*(m) - p(m) is 
equal to a constant. Therefore the pair (v* - et, p* - p) is a linear solution of 
(1*5)0 3 and the proof of part (iii) of the theorem is complete. 
2. FUNDAMENTAL LEMMAS 
To establish parts (i) and (ii) of the theorem, we shall need some lemmas in the 
theory of three-dimensional Fourier series. 
We shall set T, = {x, --rr < X, < r, j = 1,2, 3). So, in particular, if 9 is a 
Lebesgue integrable function on T3 (the three-dimensional torus), 
(2~)~~ Jr3 e-i(m*s).fF(x) dx 
will designate the usual mth Fourier coefficient of 9. 
Next, we shall set 
pi(x) = [l - ei(ef’z)], j= 1,2,3 
= [l - ,%] 
and 
9(x) = f S,(x) Pj(-x) 
j-1 
= 6 _ 5 (ei”’ + e-““‘) 
i=l 
(2-l) 
(2.2) 
=4i (“2’). sin2 3 
j=l 
From (2.1), we observe that 
D#(msn) = -&Pj(x) ei(TKZ), 
Dsjei(nZs2) = gj(-x) ei(mA, (2.3) 
and obtain as a consequence of (1.4) and (2.2) that 
~eihz) = -gyx) ei(m.o)s (2.4) 
We next define the following functions for x in T3 - {0} and j, k = 1,2,3: 
@?(x> = (1 + 4 v/e4 - ~,(---4 ~&ww (2.5) 
and 
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.P(X) = -~k(x)p(x). P-6) 
In (2..5), Sj” is the familiar Kronecker-6 and c is a constant different from - 1. 
Next, we observe that for x in T, - {0}, 
and 
P(X) @j”(X) - Yj(-X) c!Zk(X) = (1 + C) 6jk (2.7) 
From (2.1), (2.2), and (2.6), 
consequently we can define 
il Pj(X) @j”(X) =1 --Ci2”(X). (2.8) 
we see that ej”(x) and P(x) are in Ll(T,), and 
and 
z+“(m) = (1 + c)-1(27r-3 J f+-QYjyX) dx (2.9) 
*3 
qk(m) = (1 + c)-1 (2~)-~ jr3 e-i(nLrjc)P(X) dx. 
We next establish the following lemma. 
(2.10) 
LEMMA 1. With ujk(m) and @C(m) defined by (2.9) and (2.10), respectiwely, 
the following prevuils: 
LUj”(rn) - D&(m) = 0 for m # 0 
= -sjk form =O; 
(2.11) 
tl D-,u8k(m) = --cq”(m). (2.12) 
From (2.3), (2.4), and (2.7), we obtain 
Z@(m) - D,q”(m) 
= -(277)-O Jy3 e-i(m*z)[.9’(-x) %!j’(x) - 9’j( -x) Z”(X)] (1 + c)-’ dx 
zzz -(277)-3 Jy3 Gjke-*(m.s) dx, 
and our assertion (2.11) is established. 
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To establish (2.12) we observe from (2.3) and (2.8) that 
i Depjk(m) = (2~)~ il S, e-i(m,r)(l + c)-’ gj(X) %j!j”(x) dx 
j=l 
zz -c(274-3 I‘ e-i(m*z)( 1 + c)-l qk(,) dx. 
T3 
Equation (2.12) follows immediately from this last computation and (2.10). 
We next establish the following lemma: 
LEMMA 2. Suppose that Cm 1 fj(m)I < co for j = 1,2, 3. Set wj(m) = 
CL Cn ujk(m - n)f&) und p(m) = CL IL qk(m - 4fk(m). Then 
(i) the paiv (v, p) satisjies the system (1.5); 
(ii) p(m) = o( 1) and z+(m) = o( 1) as 1 m 1 -+ co, j = 1,2,3. 
From (2.9) and (2.10), we have that both zQ(m) and q”(m) are o( 1) as 1 m 1 -+ co. 
Consequently & 1 zQ(m - n) fk(n)l < co and Cn 1 qk(m - n) f&t)1 < co. We 
therefore obtain from Lemma 1 that 
&(m) - Djqk(m) = i c [&“(m - n) - D5qk(m - n)] fk(n) 
k=l 1z 
= - gl hkfktm)- 
Also, from Lemma 1 we obtain 
The conclusion to part (i) of the lemma follows immediately from these last two 
computations. Part (ii) of the lemma follows easily from the Lebesgue dominated 
convergence theorem and the fact that ujk and qk are uniformly bounded and 
o(1) as 1 m I -j co. 
Next, we establish the following lemma: 
LEMMA 3. There is a constant A’jk such that 
I I (2Tr-3 e-“(m*@Pj(-x) gllk(x) F2(x) dx - (ST)-l [Sjk 1 m 1-l - mjmk 1 m I-“] TS 
- (16~)~~ I m Iv5 [mj 1 m I2 - mk I m I2 - 3mjmk2 + 3mkmj2] 1
< A’jk I m IF3 
for lmlkl andj,k=1,2,3. 
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To establish Lemma 3, we proceed in a manner similar to that found in 
[ 1, pp. 238-2401. In particular, with B(x, p) designating the open ball with center 
x and radius p, we see from this last reference that there is a function %k(x) 
such that the following hold: 
*k(x) is in C”[B(O, 1) - {Ol]; 
*k(~) = O(l x 1’) as ;.lc;+0; 
the first, second, third, and fourth mixed partial deriva- 
tives of S&(x) are, respectively, 0( [ x I), O(l), O(l x I-l), 
O(l x I-“) as / x j -+ 0; 
and 
(2.13i) 
(2.13ii) 
(2.13iii) 
2Jpj(-x) gk(X) 9=(x) 
= Yj.Yk 1 X j-4 + i2-1[XjX~z - Xj”Xk] / X le4 
+ 2%(x) xjxk / x /-’ + b4,k(x) j x /-’ 
+ i(xjx&.2 - x$j’) 24(x) / L% I-’ + ib,,&) 1 .2’ /-4 + &k(x) 
(2.14) 
for x in B(0, 1) - (0) where b&x) and b5ik( x are homogeneous polynomials in ) 
xj , xk of degrees 4 and 5, respectively, and P*(x) = 2(xi4 + x24 + xa4) / x 1m4/4! 
Next, with 0 < pr < p2 < 1, we choose a function 9’(p) such that 
and such that 
9(p) = 1 for 0 < p < pi 
(2.15) 
c 0 forp, <P < a, 
9’ is in class Cm on the nonnegative real axis. (2.16) 
Also, we set 
c?Yjk(X) := .Yp,(-x) LYk(X) P”(x) - 9yI x I) sq,(x) for 0 ,,< / x / < 1 
=: : Yj( - ,x) $Pk(X) P”(x) for xin Ts - B(0, 1) 
-0 for .* -= 0, (2.17) 
where &k(x) designates the right-hand side of the equality in (2.14). It follows 
from (2.13) ,..., (2.17) that gjk(x) h as a periodic extension to all of E, such that 
8,, is in Cm(E,). Consequently, we obtain, in particular, that 
s e-i(m*zVjk(x) dx = O(l m I-“) as lrni--tm. (2.18) =3 
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Next, we observe from (2.17) that 
s 
e-i(mJ)[.9j( -x) 9,(x) P-“(x) - Yjk(X)] dX 
73 
s 
(2.19) 
= e-i(m-z)9’(/ x I) Xjk(x) dx. 
B(O.1) 
From (2.13) and [l, p. 2391, it follows that 
s B(O,l) ei(nL*a)9’(l x I) %k(x) dx = O(l m I-“). (2.20) 
From [l, Theorem 6], we next observe that 
s B(o.1) e- 
i(m*r)SP(I x I) [2P4(x) XjXk 1 x l--2 + b4jfJX) 1 x p-4 
+ i(xjxk2 - xkxj2) g4(x) ) x )-2 + ib5jk(x) \ x I-“] dx 
(2.21) 
= O(l m I-“). 
Also, from [l, Theorem 61, we see that there is a constant A”,* such that 
I I 
(274-3 e-i(m*z)9’(( x I) {xjxk j x l-4 + i2-l[xjxk2 - xi2xk] ) x I-“> dx 
:(8T)-l [Sjk ) m 1-l - mj??lk ) m I-“] (2.22) 
- (l&)-l ) m I-” [mj 1 m 1’ - mK I m I2 - 3??ljmk2 + 3m,mj2] 
<A”jk I m l-3 
for 1 m I >, 1 and j, k = 1,2,3. 
The conclusion to the lemma follows immediately from the definition of 
&&(x) and (2.18) ,..., (2.22). 
Combining Lemma 3 with (24, (2.9), and [l, Theorem 21, we obtain the 
following lemma: 
LEMMA 4. There is a constant Aj, such that 
1 t+“(m) - (b)-l Sjk 1 m 1-l + (1 + c)-l{(8~)-~ [Sjk 1 m I-1 - mjmk 1 m I-“] 
- (l&)-l / m I-’ [mk ) m I2 - mj 1 m I2 + hjmk2 - 3mkmj2])l 
< Ajk 1 m I-’ 
for 1 m 1 > 1 andj, x? = 1,2, 3. 
In a similar manner, we obtain the following lemma: 
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LEMMA 5. There is a constant Ak such that 
/ @(m) - [4n(l + c)]-l mL j m je3 / < A, /_ ‘m i-3 
for j m 1 > 1 and k = 1, 2, 3. 
3. PROOF OF THE THEOREM 
From the start because of Lemma 2, we can assume in this section that 
1 < y < co. To prove part (i) of the theorem under this assumption, we set 
fj” _ f&i,“, j, k = 1,2, 3. (3.1) 
Next, we observe from the linearity of (1.5) that it is sufficient for the proof 
to find for each fixed k a pair (vL, p”) such that 
Laj”(m) - Djp"(m) = -h”(m), j= 1,2,3, 
(3.2) 
for m in M. 
gl D-,v,B(m) = --cp”(m) 
With R fixed, we now establish (3.2). First of all, we notice from the linearity 
of (1.5) and from (2.11) and (2.12) that with no loss in generality, we can also 
suppose that 
fk’(0) = 0. (3.3) 
Next, we make the following definitions: 
47&“(x) = 6,” 1 x I-1 - 2-‘(1 + c)-1 [6j” / x l-1 - XjXk / x i-31 
= 6jk 1 x j-1 - 2-I(1 + c)-’ 22 1 x l,!2Xj ax, ) 
b;Jx) = au,“(x)/&, , 
(1 + c) 1677 djL(x) = ] x /-5 [xk / x I2 - xg / x 12 + 3~~~~2 - 3x,r,“], 
and finally 
(3.4) 
(3.5) 
(3.6) 
47rcqX) = (1 + c)-’ Xk / x p-3 = -(l + c)-’ a / X /-l/2xlC (3.7) 
where in the above x # 0 and j, s = 1,2, 3. 
From (3.4), (3.6), and Lemma 4, we observe that for 1 m / > 1, 
/ uj’(m) - ajk(m) - djk(m)l < Aj, / m I-3. (3.8) 
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Consequently, we have that 
1 ujk(m - n) - ujk(m - n) - djk(m - n)j < 8Ai, 1 n 1--3 
for 1 n / >, 2 1 m j + 1 and j = 1,2,3. 
Similarly, we obtain from (3.7) and Lemma 5 that 
(3.9) 
/ qk(m - 72) - &(m - n)I < 8A, 1 n I-3 
forln1>2jml+l. 
(3.10) 
Next, using the fact that ujk is an even function of X, we obtain from (3.5) 
and the mean-value theorem that there are constants Bj, such that 
/ ajk(m - n) - q"(n) + 'f bi$(n) m, / < Bjk 1 m I2 [ n I-' (3.11) 
s=l 
for I n 1 3 2 j m 1 + 1 and j = 1,2,3. 
Likewise, we see there is a constant Bk such that 
1 djk(m - n) - djk(-n)\ < B, ( m I I n l-3, 
and 
j ajk(m - n) - Q(n)\ < Bk / m 1 [ n I-*, 
1 ak(m - n) - a"(--n)l < Bk I m ( 1 n l-3 
(3.12) 
for I n / 3 2 / m j + 1 and j = 1,2,3. 
Continuing with the proof of (3.2) wherefjk(m) is given by (3.1) and (3.3), 
f is in D(M), and 1 < y < co, we next apply Holder’s inequality and obtain 
that there is a constant g, such that for 1 m / 3 1, 
for 3 < y < OoT 
(3.13) 
,n,>gm,+l Ifk”(4l I f2 I-’ < 5k I m /1-3iv for 1 < Y < 3. 
From (3.9), (3.10), (3.1 l), and (3.12) we see that there is a constant j& with the 
property that 
ujk(m - n) - q"(n) + i b! ( ) 35 12 m, - dj”(-n> < Pk I m I2 I n I-’ (3.14) 
S=l 
and also that 
and 
I ujk(m - n) - q”(n) - d,"(--n)i < ,6k I m I 1 n l--2 
I 4”(m - 4 - a”(-4 < Pk I m I I n l-3 
(3.15) 
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Using (3.13), (3.14), and (3.15), we define 
cj”(m) -T= C uj”(m - n) - q”(n) + i t&n) m, - d,“(--n) fk”(n) 
?l#O L SZl I 
if 3 <:y<oO 
= Lo [ujp(m - 72) - ujk(n) - dj(-n)]fk”(n) if 1 < y c’: 3, 
(3.16) 
and 
pk(m) = C [@(m - n) - a”( -n)] fkk(fz) if 3,,y-<cc 
fli0 (3.17) 
I::= z. qk(m - n)fkk(n) if I <y<3. 
From (3.13), (3.14), and (3.19 we have that the series defined in (3.16) and 
(3.17) are absolutely convergent for every value of m. Consequently, the dif- 
ference operators commute with the summation sign in each case, and we 
obtain, in particular, that 
Lvjk(m) - Djpk(m) = C [Luj”(m - n) - Djq”(m - n)]fk.lc(n). 
n 
We conclude from (2.11) and (3.1) that 
Lujk(m) - Djpk(m) := -Sjkjtk(m) = ~-fi”(m) 
for m in M. 
(3.18) 
Next, using (3.4) (3.9, and (3.7) we make a computation and observe that 
for n # 0. 
As a consequence, we obtain that 
,‘& Db (il @A4 m,) = il bk(n) == ca”(-n). 
From this last fact in conjunction with (2.12) (3.16) and (3.17), we conclude 
that if 3 < y < co 
gl D_,vjk(m) = -c z. [q”(m - n) - a”(-n)]fkk(n) 
=z -c@(m) 
for m in M. Likewise, if 1 < y < 3, xf=, Dejvjk(m) ~~ -cp”(m). 
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This fact in conjunction with (3.18) g ives (3.2) and the proof of part (i) of the 
theorem is complete. 
To prove part (ii) of the theorem under the assumption 1 < y < co, we 
observe from Lemma 4 that ujk(m) = O(] m 1-l) and from Lemma 5 that 
q”(m) = O(l m I-“). Consequently, we see that in establishing part (ii), it is 
sufficient to show that for fixed k 
9+“(m) = o(I m l2/n) as j m I-+ co, j = 1,2,3, (3.19i) 
p”(m) = o(I m 12/n) as Iml+a (3.19ii) 
where Vjk(m) is defined by (3.16) p”(m) by (3.17) and 
y-l + 7-l = 1. (3.20) 
We also note for future reference that 
jY& Ivkkcw~l” < CQ. (3.21) 
Using the fact that the number of integral lattice points contained in the spher- 
ical annulus of inner radius R and outer R + 1 is O(F) as R + co, we 
apply Hiilder’s inequality and obtain 
c Ifkk(41 = 4 m I29 as ImI-+co. (3.22) 
I~l-lSl~l~l~l+l 
Next, we see from Lemmas 4 and 5 and (3.4),..., (3.7) that there is a constant 
K such that 
I ujk(m>l G K(I m I + l)-‘, (3.23) 
I q”(m>l < K(I m I + 1F2, (3.24) 
I ajk(m)l < K(l m l + 1)-l, (3.25) 
I C(m)l < K(I m I + 1)-2, (3.26) 
I 4”(m)l G WI m I + 1F2, (3.27) 
and finally 
I ~“(m)l < WI m I + 1)k2, (3.28) 
where in the above i, s = 1,2,3. 
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We are now ready to establish (3.19i). To do so, wc suppose first that 
3 < y < co and set 
x [[ujk(m - 72) - ajk(n) + 2 b:+(n) m, -~ d,.“(--fz)] f,“(n)[ (3.29) 
s=1 
-= I,(m) i 12(m) 
and observe from (3.16) that since 3 < y < 03, 
q”(m) = I,(m) + I,(m). 
From (3.14) and (3.29), we see that for / nz j > 1, 
I 12(m)/ < Bk I m I2 C I 72 I-’ lh”b4 . 
lnl>2/74+1 
But using (3.13), we conclude in particular that 
12(m) = o(l m J2/q) as Iml+cb. 
(3.30) 
(3.31) 
From (3.23), (3.25), (3.26), (3.27), and (3.29), we see that 
I4(m>l < K C [(I m - n I + 1)-l 
l<lnI<217nl+1 
+ I n 1-l + 3 I m I I n I? + I n I-“] Iftk(n)l .
(3.32) 
Now if 1 < I n 1 < 2 I m 1 + 1, then / n 1-l < 3 / m I I n le2. So we infer from 
(3.32) that 
where 
I 4Wl G 7Wdm) + 42(m)l (3.33) 
and 
-k(m) = l,,,,z,,,,+I (1 m - n 1 + l)-l ifk’;@)l (3.34) 
‘l2(m) = 1 m 1 c 1 n lp2 Ifk”@)/ . (3.35) 
1<lnl<2lml+1 
Applying Hiilder’s inequality to the sum on the right in (3.35), we 
see from (3.21) that 1 I12(m)j is majorized by a constant multiple of 
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/ m 1 {&~lnl~slrnl 1 n 1-2~}1/? But since 1 < r] < #, this in turn is majorized by a 
constant multiple of ( m (zip log 1 m / / m /-l/y. We conclude that 
Mm) = 4 m I29 as Jm/-+co. (3.36) 
Next, we see from (3.22) that the sum on the right in (3.34) is majorized by 
i c + c j j m - n 1-l Ifk”(n)l + o(l m I’/“). l<lnl<lmi-1 ~~li+1<17~<2~?74+1 
We consequently obtain from Holder’s inequality and the fact that 1 < 7 < 8 
that 
I ~&)I < 2 1 C 
l<_(nzl<33/*rl 
I n l-jl” 1 C lfnk(n)ljl” + o(l m I29 
?l#O 
< O(l m j2jn ) m /-l’y) + o(I m 121n). 
Consequently 
l4dm>l = o(l m 12? as /mj+cx3. (3.37) 
This fact in conjunction with (3.36) and (3.33) gives us that II(m) = o(l m 12/q) 
as I m j + 00. But in turn this fact in conjunction with (3.30) and (3.31) gives us 
(3.19i) for the case 3 < y < co. 
To establish (3.19i) for the case 1 < y < 3, we retrace our steps to (3.29) and 
(3.16) and see that we have to show that 
Fl(m) = C ) z+“(rn - n) - ai”(n) - dj”(-n)l jfkk(n)l 
14n1<2jml+l 
and 
I’2@> = C / @(m - 8) - q”(n) - d,“(-n)l /fkk(n)l 
l~l>2lw+l 
are both o(l m 12/q) as 1 m 1 + co. From (3.13) and (3.15) we see with no difficulty 
that I’2(m) = o(I m 12/~). To handle I’,(m), we observe that 
I ~‘dm>l G 2K ,,,,,~,,,+I [(I m - 72 I + 1)-l + I n 1-V IhWl 
But &<ln1<21nll+l j n 1-l Ifkk(n)l = o(i m la/‘$ and an argument similar to that 
used for (3.34) shows that I’,(m) is indeed o(I m 12h). The proof of (3.19i) is 
therefore complete. 
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It remains to establish (3.19ii). To do this, we use (3.17), assume 3 < y < X, 
and write p”(m) as two sums as in (3.29) and (3.30) obtaining 
p”(m) = q(m) + Ilz(m). (3.38) 
F%‘e then use the second inequality in (3.15), obtain as before that I llz(m)i < 
’ m ; ,R,;x;ni>Pinr+l 1 n /e3 \fk”(n)’ , and conclude from (3.13) that 
IIf = o(l m i2/q) as mt--,x. (3.39) 
Xext, we see from (3.17), (3.24), and (3.28) that 
But it follows from this fact, (3.34), and (3.35) that 1 l11(m)/ < K Ill( -?- 
K I 1,,(m)i . Using (3.36) and (3.37), we consequently obtain that III(m) -= 
o(i m 12/v) as / m 1 - co, and (3.19ii) is established for the case 3 < y < a. 
The case 1 < y < 3 entails an analysis of xafO (1 m - n ~ + 1)~' ; fkk(n)j 
which, using the methods just presented, is easily seen to be o(1 m 12/~) as 
/ m j - co. Consequently, (3.19ii) is established in all cases, and therefore part 
(ii) of the theorem is established. Since we have already shown earlier that 
part (iii) of the theorem holds, the proof of the theorem is complete. 
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